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On the factorisation of matrix elements for systems with
anti-unitary symmetry

M N Angelova, M I Aroyo and J N Kotzev
Faculty of Physics, University of Sofia, Sofia 1126, Bulgaria

Received 3 June 1985

Abstract. For the case of corepresentations of anti-unitary magnetic groups a new generali-
sation of the Wigner-Eckart theorem, based on the symmetrised Clebsch-Gordan
coefficients, or.3 D-symbols, is given. It is shown that the reduced matrix elements are real
for all types of corepresentations. ‘the reduced matrix elements of coupled tensor operators
are expressed in terms of the reduced matrix elements of their components.

1. Introduction

The central problem in quantum mechanical calculations is how to compute a matrix
element of an operator. Such a calculation is simplified if one invokes the Wigner-
Eckart theorem, which introduces the concept of a set of operators, transforming
according to some irreducible representation of the appropriate symmetry group of
the system. The matrix element of such an irreducible tensor operator (1T0) between
states belonging to two irreducible representations of the symmetry group is given by
the corresponding Clebsch-Gordan coefficients (cGc) up to quantities, describing the
physical properties of the operator and known as reduced matrix elements (RME) (see,
e.g., Biedenharn and Louck 1981). The next step in that line is the evaluation of matrix
elements of products of 1To which are necessary for quantum mechanical calculations
in atomic, nuclear, molecular and solid state physics, etc. The relations between RME
of such tensor operators are studied in detail for the orthogonal and symmetric groups,
as well as for non-simple reducible finite or compact groups (Judd 1963, Vanagas 1971,
Butler 1975). When the symmetry group of a system is an anti-unitary (AU) magnetic
group, the basis functions and the components of 1To do not transform by the linear
representations but by its irreducible corepresentations (coreps) (Wigner 1959, Bradley
and Cracknell 1972). It leads to non-trivial difficulties in the computation of matrix
elements. The Wigner-Eckart theorem for a case of coreps of finite magnetic groups
was generalised for the first time by Kotzev (1967, 1972) and Aviran and Zak (1968),
but their results are rather complicated and not very convenient for application.

The aim of the present paper is to factorise the matrix elements of the quantum
mechanical operators for coreps of Shubnikov magnetic groups (grey and black-and-
white), using the symmetrised coefficients for coreps (nD-symbols).

In § 2, we generalise the Wigner-Eckart theorem for coreps on the base of the
symmetrised cGc for coreps—3D-symbols (in analogy with the Wigner 3j-symbols).
There are some essential advantages of this version of the theorem which are discussed
in § 2.
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In § 3 we consider coupled 110 for coreps of magnetic groups. We obtain the RME
of coupled tensor operators (cTo) for coreps in terms of the RME of their components
for two cases: (i) cro and its components act in one and the same space; (ii) the
components of cTo act independently in different subspaces. The relations are derived
using symmetrised coefficients for coreps, such as 6D- and 9 D-symbols, analogous to
the Wigner 6j- and 9j-symbols respectively. The peculiarities of the derived relations
are discussed.

In the appendix some properties of 1D-symbols (in analogy with the Wigner
1j-symbols) and 3D-symbols, necessary for the derivation of the main results in §§ 2
and 3, are given.

2. On the Wigner-Eckart theorem for Au magnetic groups

The generalisation of the Wigner-Eckart theorem for the case of coreps of magnetic
groups in terms of the cGc for coreps (we shall refer to it as a ‘cGc version’) has been
given by many authors (Kotzev 1967, 1972, Aviran and Zak 1968, van den Broek 1979).
In the general form of the ‘cGc version’ of the theorem (Kotzev 1972) the matrix
elements of 1To T* ={T7,} in the basis {|a;, aja;)} of the coreps D* = DI'* of the AU
group G, are given by the equation

(ayaiay Tqu|a2a§a2)

| s
=2[ a] Z (Z <alm;”T’¢Ha2>rﬂ kl’Q(al)m,’a{kim’>
[D*] vt \kimi ‘

X [xq'q, a,asa;|a,r, pia,]* (1)

where [D*] and [['™] are the dimensions of the corep D* and the corresponding
irreducible representation '™t of the unitary subgroup of G,, respectively. The matrix
elements are expressed in terms of the cGc [xq'q, araza,|a,r, pra], 1., =1, ..., (xa;|a;)
where (xa,|a,) is the Kronecker multiplicity of D* in D* x D*, Double indices for
the row labels of basis functions and operators are introduced for the sake of con-
venience; the primed indices are equal to 1, 2 for the type ‘b’ and type ‘¢’ coreps, and
are equal to 1 for type ‘a’ corep; the unprimed indices run from 1 to {I"*].
The definition of RME used in (1) is

(aymy| T ”aZ)lei =[] Y (a;miay T, lazabay)
q'ajqa a;

x[xq'q, a;asa;|ar, kia,]. 2

An additional relation between the RME (which considerably decreases their num-
ber) can be obtained taking into account the AU operators of G,:

Z <a1m;|| T “a2>r,,lk{Q’(al)ml'a{k{p{ = z <almll"| T ||a2>>r|:,‘k‘{Q"(al)m’{a{k’l'p|’ (3)

miki miky
where Q'(a,) and Q"(a,) take the values 0, 3, +1 depending on the type of the corep
Dt and the set of indices.

We should point out that the Wigner-Eckart theorem, given by equations (1) and
(3), is valid for coreps in the canonical form (Wigner 1959). Moreover there are some
problems which in principle cannot be solved within the framework of the ‘cGc version’
of the theorem and which limit its application in the general case: (i) the explicit form
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of that version of the theorem is different for the different type of the corep D, (ii)
the RME (2) are not completely independent of the basis functions (as it is in the
classical case of linear representations). In what follows we shall show that these
problems can be solved using the symmetrised cGc for coreps—3 D-symbols (Kotzev
et al 1984a, see also the appendix)—to obtain a new form of the Wigner-Eckart
theorem (referred as a ‘3 D-symbol version’).

In order to find the desired new form of the theorem we act with both unitary and
anti-unitary elements of G, on the basis functions {|a;a;)} and the components of 11O
{T3} and obtain

(aay T:|a2a2>(*’ = gl{a,a,] Txl“z“z)

Z Dn,a, (g)* D7, (g)Dnzaz(gXalnllT:|a2n2>- (4)
tnyny
Here and everywhere the asterisk in parentheses (*) means that complex conjugation
is applied if and only if ge G, is an anti-unitary operator. The matrlces D*(g)*,
g€ G, form a corep, which is equivalent to the ‘standard’ corep D% (g), g€ GA The
transformation to the standard corep is carried out by the unitary matrix K*i

KD (g)* K7™ = D7i(g), g€ Ga. (5)

In analogy with the Wigner 1j-symbols, we call the matrix elements of K°I the
1D-symbols (see the appendix for more details).

After the summation over the unitary and anti-unitary operators of G, and taking
into account (5) and the definition of 3 D-symbols (see equation (AS5) in the appendix)
we get the new form of the Wigner-Eckart theorem for coreps

" " ot a}" x  ay\*
(alalqulazaz>=Z<a1||T ”a2>pz Ka,al) (6)
p at 1 q 02 I4
(ay| T*[az), = (e[| T* a2}, p=1,..., (afxasa). (7)

Here, in addition to the replacement of ccc by the 3D-symbols, we have also
introduced a new definition of RME:

*
(| T ey = X (ala,|T:|a2a2)K§FaT(a; * a2> . (8)
ajatqa; a q a/,

Now, the RME do not depend on the indices of the corep basis functions. The
dependence on the Wigner type of D is included in the multiplicity index p = p(ralro)
r, =1,..., (xajlay), n=1,..., (ayaflay) and (a;af|ay) =1,4,2 for D™ of type ‘a
‘b’, and ‘¢’ respectively.

It is important to stress that as a result of the consideration of both unitary and
anti-unitary operators of G, and the new definition of RME (8), we obtain real RME
(7) for all types of coreps D™ (not only for type ‘a’ corep as it is in equation (3)).
This result is not surprising as the 3 D-symbols reduce the triple product D x D* x D%
to the identity corep D%, which is always from type ‘a’ (here we choose D%(g)=+1
for all unitary and anti-unitary g€ G,).

Let us compare the two definitions of RME, (2) and (8), given by the two versions
of the theorem. Equalising the rHs of (1) and (6) and using the relation between
3D-symbols and ccc (A8) as well as (A12) and (A13) we obtain
2[1"" ] x % afxa, yat *
[Dn:l]l/2 Z <a1m1“ T ”a2>r,, klo (al)m,mhpl Z <a1” T “a2>py'ra ro, prlal(rO) . (9)

kimj oro
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The unitary matrix Z*i(r,) depends on the type of the corep D™ and its form is
given in the appendix (A14). The orthogonal matrix of the so-called isoscalar factors
(1F) w*i** gives the correspondence between the compound multiplicity index p and
the pair of indices (r,,7y). As is shown in the appendix it can be chosen in a diagonal
form (A11) and in this case the sum over p in (9) vanishes. The relation (9) shows
that the RME of the ‘cGc-version’ of the theorem (2) are linear combinations of the
RME of the ‘3D-symbol version’ (8). For example, for the type ‘c’ corep D*+ we have

<a11|| Tx l|a2>ral,

2
= (0‘12” T I|az>t12 = zl[Dﬂ']V2 Z} ulafxay "a,ro)(al“ T ”a2>ralr0- (10)
Let us summarise the results of this section: the Wigner-Eckart theorem for coreps,
expressed by (6) and (7), gives the factorisation of the matrix elements of the tensor
operators in terms of 3 D-symbols. It has the following advantages in comparison with
the ‘ccc-version’ of the theorem (1) and (3): (i) the RME are real in all cases; (ii) the
matrix elements are completely factorised; (iii) the form of the theorem is considerably
simplified and it does not depend on the type of corep.
The above-mentioned proof of the theorem is valid for all kinds of magnetic groups
(grey and black-and-white). Similar results, but only for the special case of grey groups,
are presented by Newmarch and Golding (1981).

3. Factorisation of matrix elements of coupled tensor operators for Au
magnetic groups

Using the advantages of the ‘3D-symbol version’ of the Wigner-Eckart theorem, we
can continue to develop the method of irreducible tensor sets for coreps. In this section
we will consider the factorisation of matrix elements of coupled tensor operators (CTO)
and the relations between the RME of cTo and its components. Such relations are well
known for linear representations (Judd 1963, Butler 1975). However, essential
peculiarities appear for the corep case and they result mainly from the generalised
Schur lemma for irreducible and reducible coreps (Kotzev and Aroyo 1983). It is
convenient to bring these relations into a form which mostly corresponds to the
respective relations of the linear representations, taking into account the special features
of the coreps. It can be achieved by imposing some reasonable assumptions, which
considerably simplify the form of the relations between the RME and facilitate the
application of the results.

In order to compare easily our results for the case of coreps with those of the
representations, we will follow the scheme proposed by Butler (1975).

In analogy with the representation case, we will use the following definition of a cTo
Ty=={PQ*}~= X PuQulxqi, x2qalxr.4], ne=1,..., (x%5%) (11)

9192

where P7! and Qg2 are components of 110, transforming by the coreps D™ and D*
of the AU group G, respectively and [x,q,, #,9.|»r.q] are the corresponding cGc for
the coreps.

(1) First of all we shall consider the general case when the cto { P*1Q™}*™= as well
as its components P™ and Q™ act in one and the same space with a basis {|a;a;)}. The
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matrix elements of {P*1Q™}]™ are expressed by the matrix elements of P and Q™
as follows:

<alal|{Px‘sz};r" a,a,)
*
* Xy X, X
0Tz T (07 7)) KieNa®
Px aqnae* \q1 Q2 9/ ,,

X Z <a1‘11|P3,‘|asas><0303|Q:§|a202>

azas

(12)

where on the rHs of (12) the relation between the cGc for coreps and the corresponding
3D-symbols is used (A15) and the multiplicity index p, runs from 1 to (x;x.%x*|ay).
After the application of the new form of the Wigner-Eckart theorem on both sides of
(12) and using the orthogonality relations of 1D- and 3 D-symbols (A1) and (A7), we
get the following relation between the RME:

(e [{P"1 Q™)™ || ez,
=[D*)"? ¥ (]| Pz, {es] Q| ey,

a3p10;
* *
.2 o »®,
X Z { % * * Apép{m;pzm.ruro (13)
pipip L1 O3 @2 ) pspapion
= *
pa=1,...,(aj "azlao)-

Equation (13) shows that, as in the representation case, the RME of cTo for coreps
are expressed in the form of linear combinations of the RME of its irreducible com-
ponents. Before starting the detailed discussion of the coefficients in (13) we should
point out a very important peculiarity of the result: the RME in (13), defined by (8),
are real for the corep case.

In the derivation of the relation (13) sums of products of four 3 D-symbols and
the corresponding 1 D-symbols appear, and these sums can be transformed into the form

{x’g % x’{‘}
* * *
@y X3 Q2) pip.0ip,

* *
x3 oy «a
= (2 x* %, a a, a, 2 3 2
L K KoK, Koo K3 K i, x ,
P2

q%q; *
qqta,al as; a;

* * * *
a x o a a x X
a9 &/, \a azy g1/, \9. 4 91/ o,
The quantity (14) has symmetry properties under permutations of rows and columns,
and under complex conjugations, similar to the corresponding ones of the 6j-symbols,
however, the specific character of the coreps introduces essential peculiarities

(Newmarch and Golding 1983). We will call it a 6 D-symbol.
1e last factor in equation (13) has the following meaning:

A

* % * L] L * _
= (77-"3"2"‘2A"3"2°2 1 x 77-”‘1"1“31\"‘1"1‘13 1 X “xlxzx 1

PIP1Ox:P2P1,Tl0 )pz'p{p,‘,pzp,r,‘roa

P, p; = la crty (alxikaiﬂaO)! P2, Pé’—' 1’ ] (a3x;<a>2k|a0)’
* (15)
P = l; sy (x1x2x |a0)’
r,‘=l,...,(x1x2|x), r0=1:-‘-a(xx*|a0)-

It is a product of 1F, which appear as a consequence of the application of the Schur
lemma for reducible coreps in getting equations (13).
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We have already mentioned (see § 2) that the 1F realise the correspondence between
the multiplicity indices and their meaning is discussed in detail in the appendix. As
it is shown there, using sensible assumptions the matrices of the 1F can be reduced
into a diagonal form, and we get from (15)

Apip{p,‘;pzpl,r,m = 77'((13%?&’2*; pZ)W(alx’lka;k; Pl)/—‘v("l"z"*; rxr0)695925ﬂi916p,,r,r0' (16)

We should point out that the above-discussed 1F for coreps are real, while in the
case of linear representations they can be complex numbers. Taking into account (16),
the relation between the RME (13) considerably simplifies and reduces to a form similar
to equation (19.5) in Butler (1975).

An important special case for practical applications is when the cTo is a scalar.
The corresponding relation between the RME can be obtained either directly from (13),
considering the fact that a 6 D-symbol with an identity corep is reduced to a product
of dimension factors and a set of iF, or by direct calculations from (12):

(| (P11 QT}%"0||ay),,, = 840,[ D™ x D*]) 72
X Z (al”P"l”a3>p1<a3”QxT”a1>p1A(pla Pas rO)s (17)

aszpy
A(p1,paT0) = m(a;xFaf; Pl)‘”’(ala?‘ao; Pa)l-‘«("l";kao; ro).

Here we have taken into account the diagonal choice of the matrices of IF.

(2) Let us consider, now, the modification of equation (13) when the basis
{|(Biy:)aira,a)} of the cTo space is a direct product of two subspace bases {IB:b;)} and
{|7:c)}, and each of 1To P* or Q™ acts in only one of the component spaces.

It is easy to show that equation (13) now gets the form

<(Bl‘)’1)alralll{Px‘sz}"" "(ﬁz'}’z)azraz)pa
=[D*x D*x D*1"? ¥ (B|P*||B2p, (il Q7 72),,

paPy
ﬁ’lk ’YT a; pa,
X z % xy x* P~ B
Pa,Pa,PxPEPy " Pa PxPayPEPyiTa 70, x0:Ta 70,1 P8P
2 Y2 @7) P
Ps Py Pa
— * '
pa—ly-"’(al"a2|a0)' (18)
The symbol in curly brackets in (18) is given by the following relation:
ﬂ;k ’y:lk ay pa1
% % x*pp,
B v2 affpa,
!
Ps Py Pa
- B b4 at x% 2% % B; ‘y; a,
= be*Kb’}‘lblKc’{!clK“ll“'l'K‘hl‘ITK‘hz‘ﬂK(I‘quzb}KczciKa'ia;
Qa;a,; b0}
ccfaq?
< 3’1‘< ¥ o % x x* B 72 af
b* * * b a*
1 €1 4 Pay 9 92 9/, \D2 G 2/ pa

*

(B 7B (1o ) (o x ) 19)
by, qf b3 ps\C1 q2 G2/ \AY g G/,

where the multiplicity indices p., p., pp, p5 run from 1 to (BFy¥ailao), (xx2%*|ap),
(Bix¥Ba]ao) and (y,x3 y¥|a,) respectively.
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This quantity has similar symmetry properties to the 9j-symbol (Butler 1975), and
although there are certain differences between them, caused by the corep peculiarities,
we will call it the 9D-symbol.

The last factor in equation (18) is a product of 1F and its explicit form is

Pa\PuPa,PEPyiTa 70,:TxT0: a, 10,08y
* e * * *
=[(#3171°|A3771°1XM"|"2" xﬂﬁz“/z"zxABI"lﬂz

2823
X AT 2) ]palpxpazpép;.ra,rolrxroruzrozpsp,a (20)

rO‘ = 19 ceey (ala;“lao); r02= 1, Terts (a2a§|aO); rh= 1, R (”"*lao)-

It can be simplified considerably using the diagonal choice of the corresponding
1F matrices u and A (see the appendix).

Equation (18) which we get for the case of coreps coincides with the analogous
Butler relation for the linear representations, but the character features of the coreps
lead to: real RME (8), real coefficients B (20) and some differences in the properties
of the 9 D-symbols (19).

We note that for the case of grey groups G, =Gy ®0® Newmarch and Golding
(1983) obtained a relation similar to equation (18), but they used lower-symmetrised
‘quasi-9j-symbols’, constructed by products of three cGc and three symmetrised cGc
for coreps.

The following two special cases of equation (18) are of practical interest: (i) one
of the operators P* or Q™ is the unit one, (ii) the cTo is a scalar operator.

Due to the fact that our 9D-symbols (19) with one identity corep are reduced to
6D-symbols and a set of IF, the corresponding relations between the RME for both
cases can be obtained directly from (18).

For the first case, if D*2= D", we obtain

((Bryr)eira | P*|[(Bays) @2ra),,
=8,,,,[ D™ x D%]/2 L (B, || P*[|Ba),
g

BY B2 x
x{ * * * B(ralrol;rO’raerZ,pB), (21)
az; a; 71 Ta 70, 7a,70,PaPg

B(’alfo,,"o,"az"oz,Pa) = #(317‘1‘1?:; "a.’o,)ﬂ'(ﬂf‘)‘ikal; "a,’ol)
X p(raoxt; ro)u(B2y203; ra,ro) w( Bt BE; pg)-
For the second case we obtain
((Blyl)alra,”{leQxT}a0r0||(B2‘y2)a2rn2>pa
= 80l DM D*]2 T (B P82 oy mil| Q7] 720,

PgPy

Bt B, x
X{ ' : ' B(’a,’ol, ro, "az’oz,PB,Pa) (22)

Y2 Y1 al}ra‘rolrazrozp.ypﬁ
B("a,"o,, Fos Ta, 70,5 Pps pa) =/J~(Bl'>‘1‘1>1k; ral’o,),“("l"’rao; ro)
X 1(B272a5; Ta,To,) W (B22a%; Fayro,) w(BiBExt; pg)m(aiaf a; po).

In both relations we have used diagonal 1F matrices.
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4. Conclusion

In this paper, as a next step in the generalisation of the method of irreducible tensorial
sets for the case of corepresentations of anti-unitary magnetic groups, we get the new
form of Wigner-Eckart theorem and we factorise the reduced matrix elements of
coupled tensor operators. We reach it using highly symmetrical coefficients for
corepresentations (3D-, 6D- and 9D-symbols). The complete factorisation of matrix
elements is achieved using real reduced matrix elements for all Wigner types of
corepresentations and real isoscalar factors.

We show that it is possible to reduce ail obtained formulae to a form closely related
to the classical ones for the case of linear representations, although there are
peculiarities in the corepresentation theory.

Finally, we want to note that our results are valid for all types of magnetic
anti-unitary groups (black-and-white and grey). They can be applied in the treatment
of various quantum mechanical problems in magnetic and non-magnetic systems (e.g.
crystal field theory, spin-orbit interactions, exchange interactions, etc).

In our next paper we will discuss the effect of the group-subgroup relations on the
reduced matrix elements and some examples for the application of obtained results
will be considered.

Appendix. On 1D-symbols and 3D-symbols

(1) In §2 we define the unitary matrix K* =|K2.|, transforming the corep
D*(g)* to the equivalent corep D*'(g), belonging to the standard set. By ‘standard
set’ of coreps of G, we mean a set of matrices of all coreps D* of the group, which
are chosen in advance and fixed. In analogy with the linear representation case the
matrix K" is called the metric (Wigner) tensor for coreps and its matrix elements—the
1D-symbols: they play the role of 1j-symbols for coreps (Derome and Sharp 1965,
Butler 1975, Newmarch and Golding 1981).

It is worth mentioning that the corep Wigner tensor is determined up to a unitary
matrix M®", commuting with all matrices of the corep D?", while in the linear case
the arbitrariness of this type is reduced to a phase factor only (Newmarch and Golding
1981, Kotzev and Aroyo 1983).

The orthogonality relations of 1D-symbols follow directly from the unitarity of
K*® matrices, i.e.

Y Kar(K&ao)* = 8aary aa'=1,...,[D°] (A1)
and similar relations hold for the columns.

The Wigner tensor K*, transforming D*"(g)* to D*(g), g€ G, is related to K*"
(as a corollary of the Schur lemma for coreps) through the equation

K =K*M" (A2)

where the tilde means transposition. The matrix M* commuting with D*(g), g€ G,
is related to M*:

M* = K" (Mey*K*", (A3)

In the case of linear representations M = ¢,E“, and the phase factor ¢, is known
as 1j-phase, satisfying ¢,-=(o,)*.
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The above-defined 1D-symbols play an important role in the generalisation of the
Derome-Sharp lemma for coreps and in the relations between the cGc, 6 D-symbols
and 9D-symbols by the corresponding 3 D-symbols.

(2) Let us discuss some properties of the 3D-symbols, the symmetrised cGc for
coreps (Kotzev et al 1984a), which will be necessary in the derivation of the results
of §§ 2 and 3.

(i) We define the 3D-symbols as matrix elements of the rectangular matrix

(al a, a3)
a a, a/, .
It is constructed by the first (a,a,a3|ay) columns of the matrix U*™* of the

generalised cGc for coreps, which reduce the triple Kronecker product of coreps
D% x D*2x D to the identity one D%e D*1x D" x D*., We can write

VAt D% (g) x D*(g) X D™(g) Va1%%s™) = e21%:% x D%(g), geGy (AS)

V*1%2% = " V&% ” =

aazas,xopag

(A4)

a‘az a

where e31%2% is an identity matrix, dim eg1*:*» = (a, @, a;|@,). The specific arbitrariness
of the cac for coreps is used for the symmetrisation of the corresponding (a, a,a.}a,)
columns of U*"% g0 that the above-defined 3 D-symbols satisfy symmetry relations
similar to those of the 3j-symbols.

Viewing the 3D-symbols as vector coupling coefficients, they can be defined as
coefficients in a linear combination of orthogonal basis functions {|a.a;)} (transforming
by the corep D), which forms a G, invariant

(43 a a
|(ayaza3)agpao) = Z 1a1a1)|a2a2)|a3a3)( ' 2 3) . (A6)
ajaza; a, a, az/,
From the unitarity of the matrix U*1*2® and the definition (A5) it follows that the
orthogonality relations for 3 D-symbols hold only for the columns of V*%:% j.e.

*
@, a; aj a, a; aj
Z ( ) ( =6pp" P P’=1,'--,(alaza’3|ao)- (A7)
ajaa; \Q1 Ay A3/ ,\a, a; a3/,

(ii) Using the Schur lemma for reducible coreps, we obtain a relation between the
3D-symbols and the corresponding cGc, which ‘step by step’ reduce D*' x D% x D%
to D%

(a, 2 a3> = Z Z[a,al,a2a2|a§‘ra§a§"][a’3"a§", a3a3|a0roa0];.c‘,';;,2°‘f3. (A8)
a, a; a3/, regroal

Here the sums over the multiplicity indices r,s and r, are up to (a,@,ja?) and
(a¥a3|a,) respectively. We should remind ourselves that the multiplicity of the identity
corep D in D*’x D® is equal to 1, 4, and 2 for coreps of the Wigner type ‘a’, ‘b’
and ‘¢’ respectively, while for linear representations it is always equal to 1. In order
to clear the meaning of the orthogonal matrix p®1*:%, dim u®1%% = (a,a,a;|ay) =
(a,ajla¥)(a%a;la,) we shall construct two equivalent sets of invariants, using the
3D-symbols on the LHs and the cGc on the rRHs of equation (A8):

|(a1az)afrag(agka3)aoroao) =|(a,a,, as)aoragroao>,
ras=1,..., (qyazla¥), rn=1,...,(a¥a;|ao) (A9)

|(a,a2a3)aopao), p=1,..., (axazas'ao) = (alazlaé")(aé"aslao)-
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It is obvious that the matrix elements of %% are the coefficients of the linear
combination, expressing one of the invariant sets in terms of the other:
|(ayaza3) @opao) = Z () a,, as)aoraz"oaoﬁ‘b‘:ﬂ';ﬁ?ﬁ- (A10)
Ta%ro
These coefficients do not depend on the partners of the basis and they are called
isoscalar factors (1F). For the corep case IF are real, while for linear representations
they can be complex in the general case. The cGc in (A8) are chosen in such a way,
so that every invariant from one set is mapped on only one invariant from the other
set and vice versa, i.e. the matrix u*“2*: is of a diagonal form.

/""‘:‘,I;’Zo‘:';=."“(ala2a3; rag"o) 5r,;r0,p, ,u,(alaza3; rn§r0)=:tl. (All)

The following equation, which is fulfilled for a fixed value of the multiplicity index

ro=1,..., (a%asay), gives the relation between the second ccc in (A8) and the
1D-symbols (Aroyo and Kotzev 1984):

[D®]"?} [a¥af, asas|ao’oao]K:§bg=N:g;b;(ro), ro=1,..., (a¥as|ao) (A12)

as

where the unitary matrix N°3(r,) belongs to the commuting algebra on the corep D*3.
From the Schur lemma for reducible coreps it follows that

N (ry) = Z%(ry) x E®S. (A13)

Here E* is the identity matrix, whose dimension equals the dimension of the
irreducible representation I'®? of the unitary subgroup of G, and the unitary matrix
Z%(ry) depends on the Wigner type of the corep D% (van den Broek 1979, Kotzev
and Aroyo 1983):

typea: ro=1 type b:rp=1,...,4 typec: rp=1,2
—a-*——_- Zl, ZZGC.
Z%(ry) = 1 Z(r )_< z 22) Z4%(r )_<z1 0)
0 -z¥ zf Y7 \o =z
(A14)

Taking into account (A8) and (A12), we obtain the equation which expresses the
CGC in terms of 3D-symbols and 1 D-symbols,
a, a; a3

[a1a1, @aar]afresaf] =[D=]2 Y uines 3 (
14 a3b}

*
K* ‘NQJ '(ro)*
a, a, ag),, a, by " atby

r0=1"",(a;ka3|a0)' (Als)

(iii) Under complex conjugation the 3D-symbols transform in accordance with
the generalised Derome-Sharp lemma (Kotzev et al 1984b)

% * * *
a; az a; * * * a; a; «as atatal
= K;K3: K233 *( ) A, Al6
(a,lk a,zk a;k)p ; alazzag ( aya; aas (1303) al 02 a3 p’ Pp ( )

As in (A8) the orthogonal matrix of 1F A*1*3*} js a corollary of the application of
the generalised Schur lemma and it expresses the multiplicity arbitrariness.

The 3D-symbols for magnetic point groups calculated and tabulated in our paper
(Kotzev et al 1984a) are chosen in such a way that there is a ‘one-to-one’ correspondence

-

between the invariants of the two sets, i.e. we can set A™

-k
X293 = p%1%2%
g .
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(iv) One of the most important properties of the 3D-symbols concerns their
behaviour under permutations. Using the generalised Schur lemma for reducible coreps
we get the following relation between the permuted 3.D-symbols:

<aa Q@ ac) =Z (al a; a;) w::,:buc (A17)
a, a, a4/, o \& Q 4as/y
where (% 7 ?) is a permutation of the columns of the 3D-symbols. The orthogonal
matrix %%, dim 7%%% = (qapa.|as) = (a,a,2;|a,) is of the same type as the
above-discussed p®*2% and A°1°3*3, Its matrix elements contain the information for
the permutation properties of the 3D-symbols. The ambiguity in their determination
helps us to obtain 3D-symbols for all 90 magnetic point groups with permutational
properties, similar to those of 3j-symbols: under an odd permutation of their columns
they differ almost in a sign (no change under even permutations),

a[aaba

o

(v) In the derivation of the relations of § 3 we use a special type of 3D-symbol

transformation to the so-called G,-equivalent basis (Haase and Butler 1984), defined
in the following way

a; a; Qg a; a; Qg
( = Z (lea’MZZa’nga’)* . (A19)
! ! ! 141 242 343
a, 4ax 4as/, ajaa a a, a3/,

¢ = m(aapttc; p) 8yrp m(azapa; p) = £1. (A18)

This transformation is carried out by the matrices M *, belonging to the commuting
algebra of D™ coreps, i.e. the explicit form of the matrices D*'(g), g€ G, do not
change under such a transformation.
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